The object of the present article is to study spacefractional telegraph equation by fractional Homotopy perturbation transform method (FHPTM). The homotopy perturbation transform method is an innovative adjustment in Laplace transform algorithm. Three test examples are presented to show the efficiency of the proposed technique.
Introduction
In the area of fractional differential equations and fractional calculus, the prevalent progress have been presumed in recent past. Prominent use of various projects which are mold by fractional order differential equations, lie in the lea of electromagnetic waves, ion-acoustic wave, bio-informatics, nano-technology, robotics, control system, chemical engineering, bio-medical engineering, mechanical engineering, heat conduction, diffusion equations and almost every part of science and technology. A significant consideration has been given to approximate and exact solutions of differential equations involving fractional order derivative because of its eerie scope and applications in various area of science and technology.
In this article, the FHPTM illustrate how the Laplace transform can be used to approximate the solution of the linear and non-linear fractional partial differential equations by manipulating the homotopy perturbation *Corresponding Author: Amit Prakash: Department of Mathematics, National Institute of Technology, Kurukshetra-136119, India, E-mail: amitmath@nitkkr.ac.in, amitmath0185@gmail.com, Tel.: +91-8950118721 method. The perturbation method which are generally used to solve nonlinear problem have so many limitations e.g., the approximate solution contains series of small parameters which possess difficulties since majority of nonlinear problem have no small parameters at all. Although suspension flows are better modeled by hyperbolic equations such as the telegraph equation, which have parabolic asymptotic. In particular the experimental data described in [1, 2] seem to be better modelled by the telegraph equation than by the heat equation. In signal analysis for transmission and propagation of electrical signal telegraph equation is used. The fractional telegraph equations have been discussed by homotopy perturbation method by Yildirim [3] , decomposition method by Momani [4] , separable variables method by Chen et al. [5] , differential transform method by Biazar and Eslami [6] , variational iteration method by Sevimlican [7] , Cauchy problem by Huang [8] , Rothe-Wavelet-Galerkin method by Azab and Gamel [9] , homotopy analysis method by Das et al. [10] and homotopy analysis transform method by Kumar [11] .
In this paper we consider the ensuing space-fractional telegraph equations as
where a, b and n are given constants, f(x, t) is given function. The summary of this paper is as follows: In section 2 the elementary definitions of Fractional calculus and Laplace transform are discussed. In section 3 the solution process of proposed method is discussed. In section 4 three test examples of space-fractional telegraph equation are given to elucidate the proposed technique. At the end, conclusions of the work is drawn.
Preliminaries
In this section, we give some basic definitions of fractional calculus and Laplace transform. Definition 2.1. A real function f (t), t > 0, is said to be in space Cµ µ ∈ R if there exist a real number, p> µ, such that f(t) = t p f 1 (t) ∈ C (0, ∞), and it is said to be in space
Cn if and only if, f n ∈ Cµ, n ∈ N.
Definition 2.2.
The left sided Riemann -Liouville fractional integral operator of order µ ≥ o, of function f ∈ Cα, α ≥ −1 is defined as [12] [13] [14] [15] [16] [17] :
where Γ (.) is the well-known gamma function. Definition 2.3. The left sided Caputo fractional derivative of f, f ∈ C m −1 ,m ∈ N∪{0} is defined as [12] [13] [14] [15] [16] [17] :
The Mittag-Le er function, Eα (z) with α > 0, is defined as series representation, valid in the whole complex plane [17] : 
where s is real or complex number. Definition 2.6. The Laplace transform L[f (t)], of RiemannLiouville fractional integral is defined as [17] :
, of the Caputo fractional derivative is defined as [17] :
Proposed Fractional homotopy perturbation transform method (FHPTM)
In order to illustrate the solution process of the fractional homotopy perturbation transform method, we consider the following nonlinear space-fractional partial differential differential equation
where
is nonlinear operator in x, and h(x, t) are continuous functions. Now, the methodology consists of applying the Laplace transform first on both sides of Eq. (1), we get
(2) Now, using the differentiation property of the Laplace transform, we get
Taking inverse Laplace transform on both sides of Eq. (3), we get
where G(x, t) is the term arising from the source term and the prescribed initial conditions. Now, applying the classical perturbation technique, we can assume that the solution can be expressed as a power series in p, as given below
where p is the homotopy parameter and is considered as a small parameter (p ∈ [0, 1]). The nonlinear term can be decomposed as
where Hn are He's polynomials of u 0, u 1, u 2, u 3, . . . un which can be calculated by the following formula
Substituting Eqs. (5) and (6) in Eq. (4) and using HPM by He [18] [19] [20] [21] [22] , we get
This is a coupling of homotopy perturbation methods and the Laplace transform using He's polynomials. Now, equating the coefficient of like power of p on both sides, we get the following approximations
Proceeding in this way, the rest components can be completely obtained, and the series solution is thus entirely determined. Finally, we approximate the analytical solution u(x, t) by truncated series
The above series solutions generally converge very rapidly.
Numerical Examples.
In this section, we apply proposed method to some test examples. Example 1. Consider the following homogeneous spacefractional telegraph equation as
subject to the initial and boundary conditions u(0, t) = e −t , u (x, 0) = e x , ux (0, t) = e −t , t ≥ 0, 0 < x < 1. Taking the Laplace transform on both sides of equation (7), we get
Taking inverse Laplace transform on both side of the equation (8), we get
By applying homotopy perturbation method, we have
Equating the coefficient of like power of p on both sides of Eq. (10), we get 
Now, for the standard case when α = 1, we have u (x, t) = e x−t , which is the exact solution of classical telegraph equation. Fig. 1 shows that the exact solution and approximate solution obtained by FHPTM is nearly identical with exact solution for the standard case when α = 1. It is to be noted that only third order term of FHPTM was used in evaluating the approximate solution.
Example 2. Consider the following homogeneous spacefractional telegraph equation as
subject to the initial and boundary conditions u (0, t) = 1+ e −2t , u (x, 0) = 1 + e 2x , ux (0, t) = 2, u t (x, 0) = −2, t ≥ 0, 0 < x < 1. Taking the Laplace transform on both sides of equation (11), we get
Taking inverse Laplace transform on both sides of equation (12), we get
]︁ (13) By applying homotopy perturbation method, we have
Equating the coefficient of like power of p on both sides of Eq. (14), we get Now, for the standard case when α = 1, we have u (x, t) = e 2x +e −2t , which is the exact solution of classical telegraph equation. Fig. 2 shows that the exact solution and approximate solution obtained by FHPTM is nearly identical with exact solution for the standard case when α = 1. It is to be noted that only third order term of FHPTM was used in evaluating the approximate solution. Example 3. Consider the following homogeneous spacefractional telegraph equation as
subject to the initial and boundary conditions
Taking the Laplace transform on both sides of the equation (15) equation. Fig. 3 shows that the exact solution and approximate solution obtained by FHPTM is nearly identical with exact solution for the standard case when α = 1. It is to be noted that only fourth order term of FHPTM was used in evaluating the approximate solution.
Conclusion
In this paper, the fractional homotopy perturbation transform method is successfully applied to solve spacefractional telegraph equations. It provides the solutions in terms of convergent series with easily computable components. The numerical result obtained by the proposed technique shows that the approach is easy to implement and computationally very attractive.
